Abstract. The coamoeba of any complex algebraic plane curve V is its image in the real torus under the argument map. The area counted with multiplicity of the coamoeba of any algebraic curve in (C * ) 2 is bounded in terms of the degree of the curve. We show in this Note that up to multiplication by a constant in (C * ) 2 , the complex algebraic plane curves whose coamoebas are of maximal area (counted with multiplicity) are dened over R, and their real loci are Harnack curves possibly with ordinary real isolated double points (c.f. ). In addition, we characterize the complex algebraic plane curves such that their coamoebas contain no extra-piece.
Introduction
There is a very strong relationship between the amoeba and coamoeba of a complex algebraic hypersurface. Given an amoeba of a hypersurface, it is well known by Mikael that the spine of the amoeba is equipped with a structure of tropical hypersurface which is dual to some convex subdivision of the Newton polytope. We also know that amoeba reaches innity by several tentacles [V2-02] . The coamoeba covers the hyperplanes orthogonal to the external edges of some subdivision of the Newton polytope by several extra-pieces . An extra-piece goes away from some hyperplane orthogonal to some inner edge of the subdivision of the Newton polytope. These hyperplanes are equipped with a frames spanned by the normal vectors to the sides of the element of the subdivision containing those edges, and these frames determine the position of the coamoeba relatively to these hyperplanes.
The purpose of this Note is to describe the relations and the similarities which exist between amoebas and coamoebas of complex algebraic plane curves. For a polynomial in two variables f ∈ C[z, w], let V be the curve of its zero set in (C * ) 2 and ∆ its Newton polygon, which is the convex hull in R 2 of the index of the non zero coecients of f . The amoeba A ⊂ R 2 of the curve V is the image of V by the logarithmic map Log; where Log : (C * ) 2 → R 2 is the map dened by : Log(z, w) = (log z , log w ) ( c.f. ).
The amoeba's complement has a nite number of convex connected components, corresponding to domains of convergence of the Laurent series expansions of the rational function 1 f . We know that the spine Γ of the amoeba A has a structure of a tropical curve in R 2 (proved by M. Passare and H. Rullgård in 2000 [PR-04] , and independently by G. Mikhalkin in 2000) . In addition the spine of the amoeba is dual to some coherent (i.e. convex) subdivision τ of the integer convex polygon ∆. It is shown by M. Forsberg, M. Passare and A Tsikh that the set of vertices of τ is in bijection with the set of complement components of A in R 2 [FPT-00]. It was shown by Mikael that the amoebas of complex algebraic plane curves have nite area, and the upper bound on the area is in terms of the the degree of the curve. In addition, it was shown by Grigory Mikhalkin and Hans Rullgård, that up to multiplication by a constant in (C * ) 2 the complex algebraic plane curves whose amoebas are of maximal area are dened over R and, furthermore their real locus are a Harnack curves possibly with ordinary real isolated double points (c.f.
[MR-00]). The coamoeba denoted by coA ⊂ (S 1 ) 2 of the curve V is the image of V under the argument mapping Arg : (z, w) → (e i arg(z) , e i arg(w) ). This terminology has been introduced by M. Passare and A. Tsikh in 2000. It is shown in [N2-07] that the complement components of the closure in the at torus of the coamoeba of a complex algebraic hypersurface of complex dimension n − 1 and dened by a polynomial f with Newton polytope ∆ are convex and their number don't exceed n! Vol(∆).
In this Note, we will prove a similar properties of the complex algebraic plane curves coamoebas. More precisely we characterize the curves such that the area of their coamoebs counted with multiplicity is maximal. Using the fact that the set of critical point Crit Arg of the argument map is equal to that of the logarithmic map which is the inverse image by the logarithmic Gauss map of the real projective line, and some properties of extra-pieces introduced in [N1-06] (ii) The curve V is real up to multiplication by a constant in C * , and its real part RV is a Harnack curve possibly with ordinary real isolated double points. Corollary 1.3. Let us denote by Alga(V ) the image in T of coA \Arg(Crit Arg ) under the projection pr, and assume that the coamoeba of V has no extra-piece. Then we have the equality Area mult (coA ) = k Area(Alga(V )). In particular, if V is a Harnack curve, then k = 2 Area(∆) and Area(Alga(V )) = π p where p is a prime integer. Then the coamoeba of V has no extra-piece if and only if V is a Harnack curve or the spine of its amoeba has only one vertex and such that the polynomial dening V is maximally sparse.
The extra-pieces are subsets of the coamoeba with no-vanishing area and such that their boundary has a no discrete component contained in the set of critical values of the argument map. We can remark that if we assume that the closure in the torus of the coamoeba is not all the torus, then the no-linear components of the boundary of the coamoeba are contained in the boundary of some extra-pieces (for more details see [N1-06] or [N3-07]). They play the role of the tentacles of the amoeba which correspond to the external edges of the subdivision τ dual to the spine of the amoeba. Except that extra-pieces correspond to some inner edges of the subdivision τ .
Preliminaries
Let V be an algebraic hypersurface in (C * ) n dened by the polynomial
where a α are non-zero complex numbers and supp(f ) = {α ∈ Z n | a α = 0} is the support of f , and we denote by ∆ the Newton polytope of f (i.e., the convex hull in R n of supp(f )). We assume in this Note that the components of α are natural.
2.1. Gauss map and the critical points of the complex logarithmic map.
We use here the denition of the Gauss map of an hypersurface in the algebraic torus given by Kapranov in [K1-91].
Denition 2.2. Let (C * ) n be the algebraic torus and V ⊂ (C * ) n be an algebraic hypersurface. For each z ∈ (C * ) n let l z : h −→ z.h be the translation by z. The Gauss map of the hypersurface V is the rational map γ :
where
is an algebraic curve dened by a polynomial f and nowhere singular.
be a small open neighborhood of z and Log U : U −→ C 2 be a choice of a branch of the holomorphic logarithm function and then we take the image of U ∩ V by Log U . Hence the vector γ(z) ∈ C 2 ( looking at it as T Log U (z) C 2 ) tangent to Log U (U ∩ V ) at the point Log U (z) is a complex vector, which is independent of the choice of the holomorphic branch. So it denes a map from U ∩ V (a rational map from all V ) to CP 1 , called the logarithmic Gauss map of the curve V . Explicitly one have:
where [γ(z)] denotes the class of the vector γ(z) in CP
1
. We decompose the identity as follow:
Let us look now to the amoeba A of the curve V , and more precisely to Log(U ∩ V ) (where here Log(z 1 , z 2 ) = (log z 1 , log z 2 )). It's clear that
where Re(z 1 , z 2 ) = (Re(z 1 ), Re(z 2 )) and Re denotes the real part.
, and we obtains
Hence a point z ∈ V is a critical point of the function Log = Re • Log U is equivalent to saying that the tangent space of Log U (U ∩V ) at the point Log U (z) contains a non zero imaginary vector v, which means that
is the complexication of a real line and then it is invariant under complex conjugation so γ(z) ∈ RP Proposition 2.3. Let V ⊂ (C * ) n be an algebraic hypersurface and γ be the logarithmic Gauss map. If Crit(Log |V ) (resp. Crit(Arg |V )) denotes the set of critical points of the logarithmic (resp. argument) mapping, then we have the following equalities:
Proof Let f be the polynomial dening the hypersurface V , reg(V ) be the set of regular points of V , and γ the logarithmic Gauss map
In local coordinates (w 1 , . . . , w n ) = (Log z 1 , . . . , Log z n ) one has z j
is the normal direction to the set {W | f (e W ) = 0}. Put w j = x j + iθ j , and let C = A + iB = (A 1 + iB 1 , . . . , A n + iB n ) be a complex normal at W . We know that the complex tangent plane is given by the set of vectors C such that < C, W >= 0, which is equivalently to say that we have the following equations
where X = (x 1 , . . . , x n ) and Θ = (θ 1 , . . . , θ n ). The maps W → X and W → Θ are submersion if A, B are linearly independent over R. On the other hand, if B = kA then we can see that we have the following
which is equivalently to < A, X >=< B, Θ >= 0.
Complex tropical curves.
Let h be a strictly positive real number and H h be the self dieomorphism of (C * ) 2 dened by :
which denes a new complex structure on (C * )
where J is the standard complex structure. A J h -holomorphic curve V h is a curve holomorphic with respect to the J h complex structure on (C * )
2
. It is equivalent to say that
is an holomorphic curve for the standard complex structure J on (C * ) 2 . Recall that the Hausdor distance between two closed subsets A, B of a metric space (E, d) is dened by:
In this Note we take E = R 
In addition if E αβ is an external edge of τ (i.e., E αβ is a proper edge of the Newton polytope ∆), then H αβ is called an external hyperplane. with ν(i, j) = −c (i,j) the constant dened by we have the result. Assume on the contrary it is not the case. It is well known that there exists a polynomial g with the same support as f such that the arguments of its coecients are the same as those of f (see [R-00] ), and the subdivision of ∆ dual to the spine of the amoeba of the curve dened by g is a triangulation. The result is immediate after deforming the coecients of g on those of f (the deformation can be given by (1 − u)a α, g + ua α with u ∈ [0; 1] and a α, g the coecient of g with index α).
be a no singular algebraic curve dened by a polynomial f such that RV is a Harnack curve. Then the coamoeba coA of V is equal to the coamoeba of the complex tropical curve V ∞, f .
Proof Let f be the polynomial dening the curve V which we assume with real coecients. Consider {f t } t∈]0;
1 e ] the family of polynomials {f t } dened as above. We claim that the coamoebas of the curves V ft for suciently small t and those with t suciently close to 1 e are the same. Indeed, let V ∞, f be the complex tropical curve which is the limit when t tends to zero of the J t -holomorphic curves H t (V ft ) (abusive notation, because here we have precisely H h with h = − 1 log t if we take the notation of 2.4), and Γ ∞ be the tropical curve which is the limit of the amoebas A Ht(V f t ) . We know that the set of critical values of the argument map in our case is contained in the subgroup (Z 2 ) 2 of the real points of the torus (recall that for a Harnack curves we have Crit Arg = γ −1 (RP 1 ) = RV see [M1-00]). We can remark that the arguments of the coecients of f t are equal to those of f , and then the coamoeba of the truncation of f t to any element of the subdivision τ is the same as that of the truncation of f to the same element. Using Lemma 1.3 and 1.4 [N4-08], one can deduce that there was only one possibility.
Remark 3.3.
(a) Let V ⊂ (C * ) 2 be a no singular algebraic curve dened by a polynomial f such that RV is a Harnack curve. Let V ∞, f and Γ ∞ as above and v be a vertex of Γ ∞ , then by the tropical localization we can see that Arg(Log −1 (v) ∩ V ∞, f ) is just two triangles of area π 2 /2, and whose vertices are real and pairwise identied (they are real because those points depends on the coecients of f , see section 3.6 in [N1-06], which are real, and there area is equal to π 2 /2 because the linear part of the ane linear surjection sending the standard simplex to the simplex ∆ v dual to the vertex v is in SL 2 (Z)). 2 and x, y two dierent points in
where τ v is the translation in the torus by the vector v. Indeed, assume that there exist two dierent points x and y in We say that a map is at most p-to-1 if the inverse image of any point in the target has at most p points.
Lemma 4.1. Let V be a complex algebraic plane curve dened by a polynomial f with Newton polygon ∆, and let coA be its coamoeba. Then if we have the equality
2 Area(∆), then the map Log |V : V → R 2 is at most 2-to-1.
Proof Let Γ be the spine of the amoeba of V (viewed as tropical curve), and τ the subdivision of ∆ dual to Γ. If we take the same notation as in the proof of Lemma 3.2, let V ∞, f be the complex tropical curve equal to the limit of H t (V ft ) when t tends to zero (with respect to the Hausdor metric on compacts of
equipped with the product of the standard Euclidean metric and the at metric on the torus). Assume that the map
is not at most 2-to-1. Let us denote by F (resp. F c ) the set of critical values of the logarithmic (resp. argument) map, and we set coA \ F c = ∪ (n i is the multiplicity of the region R i ) then for any i and j the set Log(R ij ) is a connected component of A \ F . We have one of the two following cases: (i) the tropical curve Γ has at least one vertex v of multiplicity strictly greater than one (the multiplicity of a vertex v is the area of a parallelogram spaned by two primitive vectors in the direction of any two edges adjacent to v, see [M2-04]); (ii) there exist at least two adjacent vertices v i and v j of Γ such that if U is a small open neighborhood of the edge E v 1 v 2 joining v 1 and v 2 , then Arg(Log −1 (U ) ∩ V) don't contains a small neighborhood of the line H v 1 v 2 codual to the edge E v 1 v 2 . In the two cases (i) and (ii) we have Area mult (coA ) < 2π 2 Area(∆). Indeed, the rst case means that the area of the coamoeba of the truncation of f to the element ∆ v of τ dual to v is such that Area mult (coA f ∆v ) < 2π 2 Area(∆ v ), because in this case the truncation f ∆v is maximally sparse or it has some coecients which has no contribution on the spine of the amoeba and then the coamoeba of the truncation has some extra-pieces. The second case means that we have extra-pieces and then Area mult (coA ) < 2π Coamoeba of a cubic with no extra-piece which is not Harnack and dened by a polynomial which is not maximally sparse.
